Acoustic traveling waves in a class of viscous, power-law fluids are investigated. Both bi-directional and unidirectional versions of the one-dimensional (1D), weakly-nonlinear equation of motion are derived; traveling wave solutions (TWS)s, special cases of which take the form of compact and algebraic kinks, are determined; and the impact of the bulk viscosity on the structure/nature of the kinks is examined. Most significantly, we point out a connection that exists between the power-law model considered here and the recently introduced theory of finite-scale equations.
Introduction 1
In what are commonly referred to as "power-law" fluids, the shear stress obeys the Ostwald-de Wael model [1, 2] 
where µ eff is called the effective shear viscosity [1] . Here, κ denotes the shear rate; n, the power-law index, and k, 5 which is related to the consistency coefficient K of the Ostwald-de Wael model via K = µk [1] , are empirically 6 determined constants, where it should be noted that k carries (SI) units of sec n−1 ; and we observe that k := 1 when 7 n = 1, i.e., the Newtonian fluid case is recovered when n = 1.
8
Physically, the cases n ∈ (0, 1) and n > 1 correspond to fluids in which the viscosity decreases (shear-thinning) 9 and increases (shear-thickening), respectively, with increasing κ. Examples of the former, which are termed pseudo-10 plastic, include polymer melts and polymer solutions; those of the latter, termed dilatant, include certain concentrated 11 suspensions and other multiphase materials (see Ref. [1] and those therein).
12
While a great deal has been written regarding the application of the Ostwald-de Wael model to incompressible 13 flows (again, see Ref. [1] and those therein), we are not aware of any body of work devoted to the study of acoustic 
17
The present Note is put forth as a step towards filling this apparent "hole" in the acoustics literature; its aims and analyze the resulting solutions, which fall into two classes, using analytical and numerical methods; and (iii),
21
demonstrate connections that exist between a special case of (1) and both the "artificial viscosity" method of von We begin by listing the equations governing the flow a viscous, compressible fluid in which the effects of viscous 27 shear are described by (1) . Confining our attention to planar flow perpendicular to and along the x-axis, the velocity 28 and heat flux vectors assume the form u = (u(x, t), 0, 0) and q = (q(x, t), 0, 0), respectively, while the mass density ̺,
29
thermodynamic pressure ℘, absolute temperature ϑ, and specific entropy η become functions of x and t only. Thus,
30
conservation of mass dictates that
the momentum equation 2 takes the form 
Here, q is assumed to satisfy Fourier's law; µ B (≥ 0) is the bulk viscosity and K(> 0) is the thermal conductivity,
35
both of which we take to be constant; the notation ∂ ς := ∂/∂ς is employed for convenience; and we note for future 36 reference that u = φ x , where φ = φ(x, t) is the velocity potential, since the irrotationality condition ∇ × u = 0 is 37 identically satisfied under the assumed flow geometry.
38
To close this system, a (constitutive) relation between the thermodynamic variables present is required. In the 39 present investigation, we assume the usual quadratic approximation to the general, non-isentropic equation of state 
48
In what follows, we shall ignore the effects of thermal conduction; i.e., in place of (4) we make the (further) 49 approximation η t = 0. If we integrate this most specialized (and simple) case of the energy equation subject to the 50 initial condition η(x, 0) = η e , then it is trivially established that
Hence, we see that neglecting the RHS of (4) has, in the present setting, caused the flow to become homentropic [10]. 
Deriving a bi-directional, weakly-nonlinear equation of motion

57
To this end, we first substitute (6) into (5), thus eliminating η from further consideration and reducing the latter to
In turn, using (7) to eliminate ℘ from (3) yields
Next, we introduce the following dimensionless quantities:
where the positive constants V and L denote a characteristic speed and (macroscopic) length, respectively, and replace
61
̺ with ̺ e (1 + s) in (2) and (8). Thus, after a few additional manipulations, the former and latter equations become
In this system, ǫ = V/c e is the Mach number, where the weakly-nonlinear approximation requires that ǫ ≪ 1 be 64 assumed henceforth; Re = c e L/ν is a Reynolds number, where ν = µ/̺ e denotes the kinematic viscosity; we have
, where we note that σ = 1 when n = 1; and here and henceforth, all diamond superscripts are 66 suppressed for typographical convenience. of the weakly-nonlinear approximation, yields, after re-arranging terms and simplifying,
Neglecting terms of O(ǫ 2 ) and O(ǫ/Re) and then applying ∂ t to both sides of Eq. (12) yields, after some rearrangement
from which it follows that
where the resulting function of integration has been set to zero.
73
Finally, if we now eliminate s t in (14) using (10), followed by the elimination of s and s x in the resulting expression 74 using the relation s = −ǫφ t + O(ǫ 2 ), then, after neglecting terms of O(ǫ 2 ) and simplifying, we obtain a single, weakly-75 nonlinear equation of motion in terms of the velocity potential, specifically,
Here, it should be noted that, had we not neglected the RHS of (4), then the (positive) quantity (γ − 1)/Pr would have 
81
Remark 3. In the case of a Newtonian fluid, i.e., for n = 1, (15) reduces to we integrate once wrt ξ; as a result, (15) reduces to the ODE case of (16), the speed of the (dispersed) shock-front is
where we observe that λ > 1; see Ref.
[12, §3.1]. Solving now for f ′ , we obtain the associated ODE for the case of 96 monatomic gases, namely,
Here, | f ′ | has been replaced with − f ′ since f ′ ≤ 0 is expected in the case of right-running kinks. 
Stability results and quadrature
99
Clearly, the equilibria of (19) aref = {0, 1}. It is also clear that
Thus, when n > 1 the slope of the phase portrait, i.e., the plot of Λ vs. f , is undefined at both 102 equilibria. This means that at neither equilibria is the Lipschitz condition satisfied; therefore, uniqueness 3 is not 103 assured at either equilibria when n > 1.
104
Returning now to (19), we let m := n −1 (to simplify the typesetting), separate variables, and then integrate, the 105 result of which is the quadrature
where K 2 is the constant of integration. Because the analytical structure of the resulting integral curves differs, the 107 cases m ≥ 1 and m < 1 will be considered separately. Moreover, for both convenience of presentation and, more 
The case m ≥ 1 111
Expanding the integrand above in a binomial series, which is permissible in this case since f (0) ∈ (0, 1) implies 112 that the resulting primitive will be such that f ∈ (0, 1), and then integrating term-by-term, we obtain, after solving for 113 K 2 and simplifying, the following exact (but generally implicit) solution:
Here,
where Γ(·) denotes the gamma function.
116
Remark 4. For m = 1, the series in (22) can be summed exactly; the result is, after simplifying,
from which it is easily established that f in this case assumes the form of a Taylor shock, i.e.,
Thus, as expected, setting m = (n =)1 allows us to recover the well known TWS of Burgers' equation.
119
Remark 5. When m = 3/2, the series in (22) can again be summed exactly and the following explicit solution 120 easily established:
from which we see that f in this case assumes the form of an algebraic kink. 
127
Using the Integrate[ ] command, which is part of the software package Mathematica (ver. 5.2), it is a straight-128 forward matter to establish that if m < 1, then the following satisfies both (19) and the wavefront condition f (0) = 1/2:
Here, 2 F 1 denotes the Gauss hypergeometric series,
, and
Remark 6. For m = 1/2, (27) yields the explicit solution 
Mild discontinuities
For the case m < 1, it can be shown that
where [[F] ] L,R , the amplitudes of the jumps suffered by a function F across the planes ξ = ξ L,R , are defined here as
and we have used the fact that
Evidently, if 0 < m ≤ Seeking TWSs as we did in sect. 3.1, but now under the assumption µ B > 0, it is readily established that the 149 associated ODE in this case is
where we have set 
Here, once again, we have assumed the ansatz φ(x, t) = F(ξ), with f = F ′ ; the wave speed is given by (18); and we 152 have imposed and enforced the asymptotic conditions f → 1, 0 as ξ → ∓∞.
153
If n = 1, 1 2 , 2, 3, 4, then one can solve for f ′ in terms of f ; indeed, with little difficulty it can be shown that
while obtaining such expressions for the cases n = 3, 4 requires use of the more complicated formulas of Cardano and 155 Ferrari, respectively. Additionally, phase-plane analyses reveal that all three ODEs in (35) admit kink-type TWSs,
156
provided of course that f (0) ∈ (0, 1), where we recall that the n = 1 case corresponds to Burgers' equation.
For the general case n > 0, the following series solution of (33) can be readily obtained by the method of successive 158 approximations:
where we have again taken f (0) = 1/2 and
Numerical results
161
On the other hand, using the NDSolve[ ] command, which is also offered as part of the software package Math-162 ematica (ver. 5.2), it is not difficult, for the three cases given in (35) at least, to numerically integrate (33), which we 163 now do subject to the "initial condition" f (0) = 0.5. In Fig. 1 
where in the present context 
The special case
In this subsection we present a number of analytical results, including the exact solution, for this important special 171 case; one which will figure prominently in sect. 6 below. Our purpose here is to illustrate, to a limited extent at least,
172
the behavior of the resulting kink profile, as well as examine the case of vanishing µ B .
173
Now, on integrating the n = 2 case of (35) and then enforcing the wavefront condition f (0) = 1/2, the following exact, but implicit, expression for the velocity field is obtained:
While exact, the solution we have just determined is also quite complicated, and as such provides little in the way of 174 physical insight. Fortunately, however, approximate/asymptotic expression for f , which are both simpler than their 175 exact counterpart and explicit, can be derived directly from (39).
176
To begin with, we expand the RHS of (39) about f = 1/2. This yields, after simplifying, the power series
from which an explicit small-|ξ| approximation for f can be obtained by neglecting terms of O[( f − 1/2) 4 ] and then 178 using Cardano's formula to solve the resulting cubic.
179
In contrast, expanding the RHS of (39) about f = 0 and then neglecting terms of O( f 2 ), it is not difficult to derive 180 the following explicit large-ξ approximation:
from which it is a simple matter to establish that under the present special case, therein. In the interest of brevity, we leave the task of determining the corresponding expressions for the ξ = −∞ 184 asymptotic limit of f to the reader.
185
In concluding this subsection we observe that (39) admits the small-µ B approximation 
where, for convenience, we have set ζ := ξ/(2α), b := 4ακ
• , and ζ c = 1 2 πb −1/2 . As expected, we find that (39) 187 assumes the character of (29) when µ B is "near" zero. 
which for n = 1 becomes the special case of Kuznetsov's equation [11, 12] corresponding to a non-thermally con-193 ducting Newtonian fluid.
194
Since we have confined our attention to right-running waves, we can, based on the O(1) approximation φ x ≃ −φ t ,
195
replace 5 the wave operator and the nonlinear (i.e., "small") term (φ t ) 2 on the LHS of (44) 
which after integrating with respect to t and then differentiating with respect to x becomes
where we have used the fact that u = φ x . Introducing the change of variables x = x − t and t = t, and then dividing by 
